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Abstract9

Since the advent of modern bioinformatics, the challenging, multifaceted problem of reconstructing10
phylogenetic history from biological sequences has hatched perennial statistical and algorithmic innovation.11
Studies of the phylogenetic dynamics of digital, agent-based evolutionary models motivate a peculiar12
converse question: how to best engineer tracking to facilitate fast, accurate, and memory-efficient lineage13
reconstructions? Here, we formally describe procedures for phylogenetic analysis in both serial and14
distributed computing scenarios. With respect to the former, we demonstrate reference-counting-based15
pruning of extinct lineages. For the latter, we introduce a trie-based phylogenetic reconstruction approach16
for “hereditary stratigraphy” genome annotations. This process allows phylogenetic relationships between17
genomes to be inferred by comparing their similarities, akin to reconstruction of natural history from18
biological DNA sequences. Phylogenetic analysis capabilities significantly advance distributed agent-19
based simulations as a tool for evolutionary research, and also benefit application-oriented evolutionary20
computing. Such tracing could extend also to other digital artifacts that proliferate through replication,21
like digital media and computer viruses.22
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1 Introduction23

Biological phylogenetic history is staggeringly vast and deep. Prokaryotes alone have a contemporary popula-24
tion size on the order of 1030 cells (Whitman et al., 1998), and the phylogenetic record stretches back on the or-25
der of billions of years (Arndt and Nisbet, 2012). In addition to addressing questions of natural history, access to26
the phylogenetic record of biological life has proven informative to conservation biology, epidemiology, medicine,27
and biochemistry among other domains (Faith, 1992; French et al., 2023; Kim et al., 2006; Stamatakis, 2005).28

Although trifling in scale by comparison, computer simulations of evolution can generate vast histories in29
their own right, with common agent-based models achieving on the order of 200 million replication cycles per30
day (Ofria et al., 2009). Distillation of this onslaught of history is necessary for data management tractability31
(Dolson et al., 2020). Nonetheless, existing analyses of phylogenetic structure within digital systems have32
already proven valuable, enabling diagnosis of underlying evolutionary dynamics (Hernandez et al., 2022; Lewin-33
sohn et al., 2023; Moreno et al., 2023; Shahbandegan et al., 2022) and even serving as mechanism to guide evo-34
lution in application-oriented domains Burke et al. (2003); Lalejini et al. (2024a,b); Murphy and Ryan (2008).35
Here, we formalize data structures and algorithmic procedures for space-efficient aggregation of phylo-36

genetic history from evolutionary simulations on a rolling basis, and investigate their runtime performance37
characteristics. In this paper, we focus in particular on asexual lineages, in which each entity has exactly38
one parent — as opposed to sexual lineages, in which entities may have more than one parent. Although39
they have historically underpinned a substantial proportion of evolutionary computation and simulation40
systems (Jefferson et al., 1990; Koza, 1994) and continue to be of great interest within the community (Dang41
et al., 2018), they present unique challenges in phylogenetic tracking that merit methodological treatment42
in their own right (Godin-Dubois et al., 2019; McPhee et al., 2018; Moreno, 2024).43

We cover two approaches: (1) tracking lineages directly using a centralized data structure and (2) a decen-44
tralized, reconstruction-based approach called hereditary stratigraphy. The former approach allows perfect45
accuracy, and we show that it is efficient when targeting single-processor applications (i.e. using serial simula-46
tion). The latter, in contrast, was designed for decentralized many-processor parallel/distributed simulation. It47
supports user-controlled trade-offs between reconstruction precision and runtime resource overhead (e.g., mem-48
ory, bandwidth). We expect that hereditary stratigraphy indeed performs best in parallel/distributed contexts.49
Accompanying public-facing open source Python packages provide convenient, plug-and-play access to50

phylogenetic tracking methodology across simulation systems (Dolson et al., 2024; Moreno et al., 2022b). In this51
manner, methods described here promise to — and, indeed, already have — directly enable simulation-based52
evolution research. On a purely algorithmic level, procedures and, in particular, representational considerations53
involved in direct phylogenetic tracking pertain also to more general issues of phylogenetic computation.54
Likewise, data-management processes necessary to decentralized phylogenetic tracking relate directly to55
broader questions involving on-the-fly binning within the domain of stream processing (Moreno et al., 2024).56
Having motivated applications and algorithmic analyses of direct and decentralized tracking, we next57

present brief introductions to each methodology’s operation.58

1.1 Direct Ancestry Tracking59

Most work on ancestry trees of self-replicating digital agents relies on centralized lineage tracking (Cohen,60
1987; Dolson et al., 2024; Friggeri et al., 2014). Direct approaches to tracking replicator provenance in digital61
systems operate on this graph structure directly, distilling it from the full set of parent-child relationships62
over the history of a population to produce an exact historical account.63

Without further regard, naive complete lineage tracking performs poorly for large-scale evolutionary sys-64
tems. For long-lived simulations, practical memory limitations preclude comprehensive records of replication65
events, which accumulate linearly with elapsed generations and population size. To achieve a tractable space66
complexity, extinct lineages can be pruned. Within serial processing contexts, an efficient reference-counting67
based approach may be applied. We discuss this technique further in Section 3.68
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1.2 Decentralized Ancestry Tracking69

Unfortunately, computational scale — i.e., parallel/distributed computing — erodes the simplicity, efficiency,70
and effectiveness of centralized tracking. Detecting lineage extinctions requires either (1) collation of all replica-71
tion and destruction events to a centralized data store or (2) peer-to-peer transmission of extinction notifications72
that unwind a lineage’s (possibly many-hop) trajectory across host nodes. Both options introduce runtime com-73
munication overhead. To boot, the perfect-tracking paradigm is fragile to data loss. Even a single failed com-74
munication event can entirely disjoin knowledge of how large portions of phylogenetic history relate. As data75
loss is ubiquitous at scale (Ackley and Cannon, 2011; Cappello et al., 2014), this limitation is of serious concern.76

These concerns motivated development hereditary stratigraphy, of an alternate, fully-decentralized approach77
to phylogenetic tracking (Moreno et al., 2022a). This methodology uses special genome annotations, termed78
hereditary stratigraphic columns. These annotations facilitate fast, accurate post hoc inference of phylogenetic79
relationships among evolved agents, akin to how genetic material enables phylogenetic inference in biology.80
The core mechanism of hereditary stratigraphy is accretion, and subsequent inheritance, of a new81

randomized data packet onto column annotations each generation. These stochastic fingerprints, which we82
call “differentia,” serve as a sort of checkpoint for lineage identity at a particular generation. At future time83
points, extant annotations will share identical differentia for the generations during which they experienced84
shared ancestry. Thus, the first mismatched fingerprint between two annotations bounds the recency of85
their most recent common ancestor (MRCA).86
To circumvent annotation size bloat, hereditary stratigraphy prescribes a “pruning” process to delete87

differentia on the fly as generations elapse. This pruning, however, reduces precision of resulting phylogenies.88
The last generation of common ancestry between two lineages can be resolved no finer than retained89
checkpoint times. In the context of hereditary stratigraphy, we refer to the procedure for down sampling90
as a “stratum retention algorithm” and the resulting patterns of retained differentia as a “stratum retention91
policy.” Stratum retention algorithms must decide how many records to discard, but also how remaining92
records should be distributed over past time. Tuning of stratum retention trade-offs is discussed in Moreno93
et al. (2024) as an instance of the more general “stream curation” problem. Here, we build on these results94
to discuss the use of hereditary stratigraphy specifically in a phylogenetic context.95

A typical objective for phylogeny-oriented application of hereditary stratigraphy is synthesis of population-96
level ancestry history. Although following from similar principles as pairwise MRCA estimation, procedures97
to reconstruct the ancestry tree of many stratigraph annotations merit some further elaboration. Section98
2 provides an agglomerative, trie-based algorithm for this task.99

1.3 Outline100

Remaining exposition in this paper is structured as follows:101
• Section 2 contributes a recently-developed algorithm for full-tree reconstruction from hereditary stratigraphic102
annotation data and analyzes its runtime characteristics.103

• Section 3 formally presents an algorithm for perfect phylogenetic tracking with analysis of its time and104
space complexity.105

• Section 4 discusses which situations better suit perfect tracking vs. hereditary stratigraphy.106
• Section 5 reflects on broader implications and future work.107

2 Phylogenetic Inference Algorithms108

This section describes methodology to reconstruct patterns of descent among hereditary stratigraphic109
annotations. For an analysis of the time and space complexity of propagating the annotations at simulation110
runtime, see (Moreno et al., 2024). Sections 2.2 and 2.3 present a naive and a more apt approach, respectively,111
to inferring hierarchical relatedness (i.e., phylogeny) among hereditary stratigraphic annotations. Phylogenetic112
reconstruction requires synthesis of relatedness relationships across an entire population to assemble a holistic113
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historical account. To lay groundwork for this discussion, Section 2.1 first explores relatedness estimation114
between individual pairs of hereditary stratigraphic annotations.115

2.1 Pairwise Relatedness116

Recall that hereditary stratigraphic annotations consist of a sequence of inherited “checkpoint” fingerprint117
differentia. These sequences have a new randomly-generated differentia appended each generation. Inde-118
pendent lineages accrue probabilistically-distinct differentia. Relatedness estimation between annotations119
derives from a simple principle: mismatching differentia values at a time point indicates divergence of any120
two annotations’ lineages.121

Assuming both annotations employed the same streaming curation policy algorithm, if they share identical122
record depth they will have retained strata from identical time points. What if one annotation has greater123
record depth (i.e., more generations elapsed) than the other? We can truncate any strata beyond the depth124
of the younger annotation — we already know no common ancestry will be shared at those time points.125
Due to the self-consistency requirements of streaming curation, the younger annotation’s curated time points126
will now be a superset of those of the older annotation.1 So, we will search for the first mismatching stratum127
among the deeper annotation’s early time points.128

The possibility of spurious collisions between differentia (i.e., identical values by chance) complicates any129
application of binary search to identify the earliest time point with mismatched strata. Consider lineage130
divergence as a boolean predicate: it evaluates false for all strata before some threshold of true lineage131
divergence and then true for all strata after. Spurious collisions introduce the possibility of false negatives132
into search for this predicate’s satisfaction threshold. Take c as retained stratum count per annotation. If133
probabilistic confidence were acceptable, sufficient differentia could be tested at each binary search step to134
bound the probability of misidentifying the point of divergence. The net failure rate depends on the number135
of opportunities for false negative divergence detections. In the worst case, this number of opportunities will136
be O(logc). However, absolute certainty in determining the earliest differentia discrepancy will require worst137
case O(c) comparison (i.e., all differentia pairs when two annotations share no mismatching differentia).138

Spurious collisions introduce false relatedness, causing a second complication: systematic overestimation139
of relatedness. Expected bias can be readily calculated, as spurious collision probability stems from the140
number of unique differentia values. As such, expected bias may be subtracted out to satisfy statistical141
analyses requiring mean-unbiased relatedness estimation.142

2.2 Distance-based Reconstruction143

The ease of calculating pairwise relatedness lends a straightforward option for whole-tree estimation: distance-144
based tree construction methods. Such methods, like neighbor joining and UPGMA (Peng, 2007), operate145
simply on pairwise distance estimates between taxa. This distance-based approach was used in early work146
with hereditary stratigraphy (Moreno et al., 2022a), and is packaged within the acompanying hstrat library.147

All-pairs comparisons necessary to prepare the distance matrix make such reconstructions at least O(cn2),148
with n as population size and c as retained stratum count per annotation. As will be shown presently, better149
results can be achieved by working directly with hereditary stratigraphic annotations’ underlying structure.150

2.3 Trie-based Reconstruction151

The objective of phylogenetic reconstruction can be interpreted as production of a tree structure where152
leaf nodes share a common path from the root for the duration of their common ancestry. Anatomically,153
hereditary stratigraphic annotations share common differentia up through the end of common ancestry.154
Restated, annotations share a common prefix until the point of lineage divergence. This observation suggests155
application of a trie data structure (Fredkin, 1960) to phylogenetic reconstruction.156

1During its excess stratum accumulation, the older annotation may have discarded some time points.
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As a preliminary simplification to be relaxed later, assume our population of n annotations share consistent157
record depth. Assuming identical retention policy algorithms, annotations will then also have consistent re-158
tained stratum count c. Phylogenetic reconstruction through trie building follows as O(cn) (Mehta and Sahni,159
2018). Such a trie building procedure corresponds each differentia within an annotation to a trie node. The160
first annotation to be added unfolds its differentia into chronological linked list from most to least ancient. Sub-161
sequent annotations agglomerate onto the trie by tracing down from the most-ancient root along the path its162
differentia sequence matches to, and forking off at the point the next-to-add differentia value is not available in163
the existing trie. As an anecdotal reference for computational intensity, consider recent work using the Python-164
based hstrat library trie-building implementation (Moreno et al., 2023). This work achieved reconstructions165
over a population of 32,768 (215) synchronous≈1,200 stratum annotations within about five minutes wall time.166
Two reconstruction biases should be noted. First, because spurious differentia collisions introduce bias167

toward overestimation of relatedness, as noted above in Section 2.1, branching events in the reconstructed tree168
will — on average — be more recent than in reality. The expected rate of spurious collision is easily predictable,169
so this bias can be readily modeled and corrected for. Second, trie reconstruction can overrepresent polytomies170
(i.e., internal multifurcations). Branches that may have unfolded as separate events but fall within the same171
uncertainty gap within annotations’ historical records will all lump together into a single polytomy. This172
bias can be counteracted by splitting polytomies into arbitrary bifurcations with zero-length edges.173

Allowing for uneven record depth among annotations complicates trie-based reconstruction. As described174
in Section 2.1, time points retained within deeper annotations effectively subset time points within younger175
annotations. Thus, arranging youngest-first insertion order for trie construction ensures that as progressively176
deeper annotations are added, no inserted annotation retroactively injects a trie node between existing nodes.177
In contrast, under deepest-first order, a younger inserted annotation may contain a time point not present178
among its lineage path in the trie (i.e., the older annotations having discarded it under streaming curation.179
We therefore choose youngest-first insertion order to preclude scenarios where it would be necessary to splice180
a split away tendril back into the trie.181
Under youngest-first order, an insertion may reach a trie position where the time point of the focal182

annotation’s next-to-insert differentia skips beyond the time point of a next-to-consider child trie node. The183
inserted annotation’s true differentia value at that next-considered time point, having been discarded, is184
unknown. This missing information is conceptually equivalent to a query string with a wildcard position185
(Fukuyama, 2016). Such wildcard queries can require evaluation of many branch paths during insertion,186
instead of just one. An inserted taxon’s lineage could proceed along any of the outgoing edges from the187
trie node preceding the wildcard. Among possible paths, the path with the longest successive streak of188
strata consistent with the inserted annotation is best-evidenced. Unfortunately, in the case of multiple189
wildcard positions, finding the best-evidenced path requires exploring a number of alternate paths potentially190
exponential with respect to maximum stratum count c (i.e., maximum trie depth). Taking the number of191
possible differentia values d into account as the maximum branching factor, the worst case time complexity192
devolves to O(cdcn) (Fukuyama, 2016). Calculation of the average case depends on the streaming curation193
policy algorithm at play and the underlying phylogenetic structure being reconstructed, which introduces194
analytical complexity and likely varies significantly between use cases. Fortunately, the number of wildcard195
sites is limited due to: 1) record depth similarity, and 2) the tendency for there to be relatively few deep196
branches in most phylogenies, due to coalescence (Berestycki, 2009; Nordborg, 2019). These factors likely197
reduce time costs. Experimental performance evaluation with annotations derived from representative198
phylogenies will be warranted to explore the in-practice run time of wildcarding pruned-away strata.199

3 Perfect Tracking Algorithm200

Traditionally, the problem of recording the phylogenies of replicating digital populations has been solved201
using a “perfect tracking” approach where all replication events are recorded and stored in a tree (or forest,202
if there are multiple roots) (Dolson et al., 2024). In this section, we present results on the time and space203
complexity of perfect tracking; these results will serve as a basis of comparison for hereditary stratigraphy’s204
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curation policy and reconstruction algorithms in Section 4.205
Perfect tracking algorithms are designed to augment an ongoing replication process by performing supple-206

mentary record-keeping. As such, perfect tracking algorithms execute three separate routines: 1) initialization,207
2) handling the birth of new individuals, and 3) (optionally) handling the removal of existing individuals.208
The initialization step happens once before the founding set of population members is introduced. The birth209
handling routine executes any time an individual is replicated. Similarly, the removal-handling routine gets210
called any time an individual is removed from the set of currently active individuals (i.e., the population).211

Perfect tracking can be used regardless of whether each individual has one or multiple parents (i.e., asexual212
vs. sexual reproduction). Our analysis here will focus on the asexual scenario where each individual has213
only parent, but most of our results generalize to the multi-parent case. The primary exception is the results214
presented in Section 3.2.3, which will underestimate memory use in the average multi-parent case.215
Perfect tracking can be done at an arbitrary level of abstraction (Dolson et al., 2020).For example,216

individual population members could be grouped into more abstract taxonomic units on the basis of a217
particular genetic or phenotypic trait. As in biological phylogenetics, ancestry trees can show relationships218
between individuals, species, or any other taxonomic unit. Increasing the level of abstraction decreases219
memory use by a constant (but often large) factor. Here, we will assume that the entities being tracked are220
the underlying replicating individuals, as this case is the most computationally expensive (i.e., worst case).221
In the following subsections, we present two different algorithms for perfect phylogenetic tracking: one222

which naively accumulates records for every individual that ever existed and another which reclaims memory223
as lineages go extinct.224

3.1 Naive perfect tracking225

The naive perfect tracking algorithm is fairly straightforward. It is formally described in Algorithm 1.226

Algorithm 1 Perfect phylogenetic tracking
Part 1: Initialization

1: Define T := an empty forest
Part 2: Handle birth event
Input: Pi = newly created organism, Pj = Pi’s parent

1: Add node representing Pi to T
2: Add edge in T from Pj to Pi

3.1.1 Time complexity227

The naive perfect tracking algorithm can be implemented in constant time (see Theorem 1).228

Theorem 1. Naive Perfect Tracking Time Complexity The naive perfect tracking algorithm can be229
implemented in constant time (O(1)) per birth event.230

Proof. For the purposes of this proof, we use the RAM model of computation. Initialization takes a single231
simple operation and only happens once. Thus, it is trivially constant-time. Handling a birth event takes232
two simple operations. Thus, each run of the birth-handling algorithim trivially takes constant time. The233
birth-handling algorithm will run once per birth event.234

Note that, although the number of birth events is likely not constant with respect to the size of the235
population or the number of generations, these birth events are not part of the tracking algorithm and236
would have happened regardless of whether phylogeny tracking was in place. Thus, we need only consider237
time complexity per birth event.238
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3.1.2 Performance in parallel and distributed environments239

Naive perfect tracking can be adapted to parallel computing environments using universally unique agent240
identifiers through either of two straightforward options. In the first approach, records of all agent creation241
and elimination events are collected to a centralized database as they occur. In the second, each processor242
maintains an independent data file of local agent creation/elimination that are stitched together in post-243
processing. For the former, race conditions might occur where the phylogeny tracker is notified of a birth244
event involving a parent it does not yet know about. This situation can be mitigated fairly cheaply by245
having a pool of “waiting” nodes that will be added once the appropriate parent node is added.246

For both approaches to naive perfect tracking, bigger problems occur in distributed environments, where247
passing messages to a centralized data structure could become expensive (Moreno et al., 2022a) or limited248
storage space is available to individual processor elements. Worse still for either approach to naive perfect249
tracking is the possibility of data loss, which can become a significant likelihood at scale (Cappello et al.,250
2014). It is unclear how a perfect tracking algorithm could recover from missing data.251

3.1.3 Space complexity252

Naive perfect tracking has a gargantuan space complexity, owing to the fact that it maintains a tree253
containing a node for every object that ever existed (see Theorem 2).254

Theorem 2. Naive Perfect Tracking Space Complexity The space complexity of the naive perfect tracking255
algorithm is θ(

∑G
t=0Nt), where Nt is the number of new objects born at time t and G is the number of time256

steps.257

Proof. The birth-handling algorithm adds a node to the tree (T) each time it is called. It is called once258
for every birth event. No nodes are ever removed from T . Therefore, the number of nodes in T is the total259
number of nodes ever created.260

3.2 Pruning-enabled perfect tracking261

For most substantive applications, the amount of memory used by naive perfect tracking is prohibitive. As262
such, it is common to use a “pruning”-enabled algorithm that deletes records associated with extinct lineages263
(see Algorithm 2). This procedure removes all parts of the phylogeny that are no longer ancestors of currently264
extant objects. Thus, like naive perfect tracking, it introduces no uncertainty into down-stream analyses.265

3.2.1 Time Complexity266

The pruning-enabled algorithm has amortized constant time complexity (see Theorem 3).267

Theorem 3. Pruning Time Complexity The time complexity of pruning in perfect phylogenetic tracking is268
O(1), amortized.269

Proof. The initialization and birth-handling steps of the pruning algorithm are trivially constant-time,270
as explained in proof 3.1.1 (technically the pruning algorithm adds two constant-time operations to the271
birth-handling step, but this fact is inconsequential).272
Next, we prove that the removal-handling pruning algorithm runs in amortized constant time. When273

an arbitrary taxon t is removed, there are three possibilities: 1) t has living descendants, 2) t has no living274
descendants, but t’s parent is either alive or has other descendants that are alive, or 3) t was the last living275
descendant of its parent. In case 1, nothing can be removed from the phylogeny. Case 1 takes contant time,276
because it only requires executing a single comparison operation. In case 2, only t can be removed from277
the phylogeny. Case 2 also takes constant time, as it only requires removing a single node from the tree278
and doing three comparison operations.279
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Algorithm 2 Perfect phylogenetic tracking with pruning
Part 1: Initialization
Same as algorithm 1
Part 2: Handle birth event
Input: Pi = newly created organism, Pj = Pi’s parent

1: Add node representing Pi to T
2: Add edge in T from Pi to Pj

3: Record that Pi is alive
4: Increment Pj’s count of living offspring lineages

Part 3: Handle removal event
Input: Pi = newly removed organism

1: Pj ← parent of Pi

2: Record that Pi is not alive
3: while Pi is not alive and Pi’s count of living offspring lineages == 0 do
4: Remove Pi from T
5: Decrement Pj’s count of living offspring lineages
6: Pi ← Pj

7: Pj ← parent of Pj

8: end while

In case 3, pruning must be done. We recurse back up the lineage until we find a taxon, a, that is either280
alive or has living descendants. Let the distance between t and the root of the tree be dt and the distance281
between a and the root of the tree be da. The pruning operation, then, takes O(dt−da) steps. In the worst282
case, this value will be equal to the number of elapsed generations.283

However, for case 3 to occur, all taxa from t to a (including a but not including t) must have already been284
removed. Consequently, dt−da case 1 removal operations must happen for every case 3 removal operation.285
Thus, the amortized time to remove the sequence of taxa from t to a (including both t and a) is:286

2(dt−da)+1

dt−da+1
Since287

lim
dt−da→∞

2(dt−da)+1

dt−da+1
=2

,288
the amortized time complexity of pruning is bounded by a constant, i.e., it is O(1).289

290

3.2.2 Performance in parallel and distrbuted environments291

Like naive perfect tracking, pruning-enabled perfect tracking can proceed via either a fully-centralized292
database or through localized record-keeping.293

Centralized pruning-enabled perfect tracking has all the same issues in parallel and distributed environments294
that naive perfect tracking has. It also adds an additional cost: parallel processes must be synced up before a295
pruning operation can be performed. Otherwise, the algorithm risks incorrectly pruning a lineage that it will296
later learn produced a new artifact. This requirement would translate to a substantial speed cost in practice.297

In a localized model, when the last remnant of an immigrant lineage is eliminated an extinction notification298
would need to be propagated back to the processing element that lineage immigrated from. Records for299
lineages that extinct locally but had generated emigres to other processing elements would need to be300
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retained until extinction notifications for all emigres are confirmed. Even for lineages that span few processing301
elements, repeat migrations between a single pair of processors could wind up long breadcrumb trails that302
necessitate extensive cleanup operations.303

3.2.3 Space complexity304

As with naive (i.e., unpruned) perfect tracking, the primary memory cost of pruned perfect tracking comes305
from maintaining the tree of records, T . Thus, our analysis in this section will focus on the size of T .306
Technically, the worst-case size order of growth of perfect tracking with pruning is the same as for naive307
perfect tracking (see Theorem 2). However, whereas that order of growth is also the best case for naive308
perfect tracking, it is a somewhat pathological case under pruning. When using pruning, such a case would309
only occur when every object is copied before being removed (i.e., no lineages go extinct). There are some310
legitimate reasons these cases might occur, but most of them are fairly esoteric (see Section S1.1).311
With pruning, the asymptotic behavior of the average case turns out to be substantially better than312

that of the worst case. Luckily, in the vast majority of applications, the average case is more practically313
informative than the asymptotic behavior of the worst case. Here, we investigate the expected size of T314
(which we will call E(|T |)) in the average case as the population size (N) and number of time points (G)315
increase. Of course, investigating the average case requires making some assumptions about the scenarios316
where this algorithm may be used. An expedient assumption to make is that objects to be replicated are317
selected at random from the population (i.e., drift). This process is described by a neutral model. While this318
assumption is obviously not completely true in most cases, it will turn out that E(|T |) is actually smaller319
for most realistic cases (e.g. any evolutionary scenario with directional selection).320
Conveniently, the asymptotic behavior of E(|T |) as N increases has been studied extensively by evolu-321

tionary biologists under a variety of random selection models (Berestycki, 2009; Nordborg, 2019; Tellier322
and Lemaire, 2014). The relevant branch of mathematics is coalescence theory, which describes the way323
particles governed by random processes agglomerate over time. There are a variety of models of random324
selection, all of which yield different behavior.325

Neutral models that could plausibly describe a process of replicating digital artifacts experience “coalescence”326
events. In these events, the population establishes a new, more-recent common ancestor as a result of old327
lineages dying out. This observation implies that when we run our perfect tracking with pruning algorithm328
for sufficiently long periods of time, on average we should expect our tree T to have a long unifurcating329
“stem.” The most recent node in this chain will be the most recent common ancestor (MRCA) of the whole330
extant population. The descendants of the MRCA will form a sub-tree, which we will call Tc.331

The expected size of Tc (denoted E(|Tc|) here), then, will be the dominant factor affecting E(|T |). E(|Tc|)332
is closely related to a value commonly studied in coalescence theory literature called the expected total branch333
length (usually denoted Ln or Ttot; we will refer to it as Ln). Ln assumes that the phylogeny is represented by334
a tree, T ′, that contains the leaf nodes, MRCA, and any internal nodes from which multiple lineages diverge335
(i.e., no unifurcations). Edges in this tree have weights that represent the amount of time between the origin336
of the parent and the origin of the child. Ln is the sum of these weights. Although the asymptotic behavior337
of Ln depends on specifics of the evolutionary process, it scales sub-linearly with respect to population338
size for all realistic models that have been investigated in the literature to our knowledge (Gnedin et al.,339
2014).2 How is this possible? Under realistic neutral models, various subsets of the population will coalesce340
to common ancestors much faster than the whole population does (Nordborg, 2019). Consequently, there341
are many shallow branches. The farther back in Tc you go, the fewer branches there are. As a result, the342
marginal impact of increasing N diminishes as N increases.343
What do these observations tell us about E(|Tc|)? Because Tc contains unifurcations, each edge in T ′344

corresponds to a chain of unifurcating nodes in Tc. The length of this chain in Tc will, on average, be345
proportional to the weight of the corresponding edge in T ′. Thus, the expected value of Ln is almost identical346

2A possible exception is spatial models, which have received less formal analysis but are known to exhibit slower coalescence
(Berestycki, 2009)
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to E(|Tc|). However, there is one important difference. The reason T ′ is able to scale sub-linearly with N is347
that as N goes to infinity the lengths of the branches to the leaf nodes (i.e., the extant population) approach348
zero (Delmas et al., 2008; Drmota et al., 2007; Nordborg, 2019). In contrast, the space taken up by each349
of the N leaf nodes in Tc is a fixed constant and cannot drop to zero. Thus, E(|Tc|) is O(Ln+N). Note350
that the time to coalescence depends entirely on the population size (N); the total number of generations351
elasped since the start of the process (G) does not affect the asymptotic growth rate of E(|Tc|).352

The precise asymptotic scaling of Ln with respect to population size N depends on the exact model of353
random replication used (Tellier and Lemaire, 2014). Under the best-studied model, Kingman’s Coalescent, it is354
O(log(N)) (Delmas et al., 2008; Kingman, 1982). Under another reasonable model, the Bolthausen-Sznitman355
coalescent, it is O( N

log(N)) (Drmota et al., 2007). Because these growth rates are all less than N , E(|Tc|) ends356
up being dominated byN term. Thus the overall memory usage of pruning-enable perfect tracking isO(N+G).357
Trivially, the “stem” part of T can be pruned off when coalescence occurs, producing a bound of O(N).358

While Ln is not the primary factor determining the memory use of this algorithm, it still has a substantial359
practical impact on resource usage. Thus, it is worth briefly exploring our practical expectations of its size.360
Earlier, we mentioned that in practice T will usually be smaller than predicted by neutral models. These361
models represent a scenario called “neutral drift” in evolutionary theory. Under drift, coalescence can be362
slow because it needs to happen entirely by chance. When some members of the population are more likely363
to be selected than others and that selective advantage is heritable (assuming population size N is stable),364
we expect to see “selective sweeps” in which those members of the population outcompete others. A selective365
sweep will usually speed up coalescence (unless it is competing with a different simultaneous selective sweep)366
(Neher, 2013). Thus, in general, in the presence of non-random selection, we expect Tc to be much smaller367
than we would expect under drift. Note, however, that the Bolthausen-Sznitman coalescent mentioned above368
does model scenarios with selection.369

Would we ever expect Tc to be larger than under drift? Only if lineages coexist for longer than we would370
expect by chance. Such a regime can theoretically occur when there is selection for stable coexistence or371
diversity maintenance. However, such a regime also involves introducing non-random (balancing/stabilizing)372
selection. Thus, in practice, while these regimes maintain multiple deep branches, there is often frequent373
coalescence within those branches. Theoretically, though, extreme pressure for diversity could cause E(|T |)374
to scale faster than O(N). Such scenarios could potentially be created via ecological interactions.375
One factor that we have glossed over in this analysis is the possibility for N to change over time. For376

reasons that are explored further in Section S1.1, allowing population size N to fluctuate complicates377
mathematical analysis but does not substantially alter our conclusions.378

4 Discussion379

In choosing between perfect tracking and hereditary stratigraphy, there are multiple factors to consider: 1)380
time complexity in the relevant model of computation, 2) memory use, and 3) amount of information retained.381

4.1 Time complexity382

In a non-distributed, serial computing environment, perfect tracking runs in constant time. The time complex-383
ity of hereditary stratigraphy depends on the retention policy used, but scales at least linearly with annotation384
size. So, if annotation size growth is allowed to maintain static reconstruction resolution guarantees in long-385
running processes, time complexity of perfect tracking will scale preferably to hereditary stratigraphy. A lower386
bound on hereditary stratigraphy’s time complexity comes from copying of annotation material from parent387
to child when new artifacts are born. Consequently, the exact time complexity depends on the curation policy388
but can scale with number of generationsG elapsed, unless a policy with a constant-cap order of growth is used.389
Note that hereditary stratigraphy incurs an additional one-time complexity cost due to the fact that its output390
generally requires post-processing before analysis (i.e., phylogenetic reconstruction). Assuming comparable391
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generational depth across lineages, reconstruction can be achieved with time complexity linear to annotation392
size and linear to tree tip count (which can optionally be held below population size through subsampling).393

In contrast, in parallel or distributed environments, perfect tracking suffers from the problems discussed394
in Sections 3.1.2 and 3.2.2. Thus, hereditary stratigraphy usually runs faster in these environments and395
is generally the better choice. Moreover, it is robust to data loss, making it reliable to use in situations396
where perfect tracking would break.397

4.2 Memory use398

As discussed in Section 3.2.3, pruning-enabled perfect tracking is fairly memory efficient (O(N), where N399
is population size) under a wide range of practical circumstances. However, in practice, its memory use400
can vary dramatically over time. This variation is partially due to the fact that the expected distribution401
of coalescence times is exponential, leading to substantial variation about the mean. It is also due to the402
potential for large variation in tree size caused by the ecological and evolutionary dynamics at play in a403
given scenario being tracked. Anecdotally, the memory cost of perfect tracking often poses a real-world404
obstacle to using it at full resolution.405

Like perfect tracking, hereditary stratigraphy’s memory footprint grows linearly O(N) with population406
size. Under configurations with guarantee static MRCA resolution at arbitrarily generational depth, memory407
footprint also scales with G — either O(G) or O(logG) depending on whether guarantees are absolute or408
recency-proportional (Moreno et al., 2024). However, hereditary stratigraphy can also be conducted O(1)409
constant with respect to G. Unlike pruning-enabled perfect tracking, hereditary stratigraphy’s memory410
usage is a hard guarantee. Consequently, it can be a good choice in cases where large fluctuations in memory411
use are not acceptable. It can also be helpful in circumstances that inhibit coalescence and start pushing412
perfect tracking towards worst-case performance.413

4.3 Accuracy414

As its name implies, perfect tracking returns completely accurate phylogenetic data. Nevertheless, memory415
use can be tuned by increasing the granularity of data being recorded (i.e., make the taxonomic unit416
represented by each node more abstract).417

Hereditary stratigraphy introduces imprecision that can potentially lead to inaccuracy. At the same time,418
it introduces tools for precisely controlling the level of inaccuracy and its trade-off with memory and time419
costs. As such, it can provide more granular scaleback of phylogenetic resolution than is possible through420
coarsening of taxonomic units under perfect tracking. Hereditary stratigraphy is always tracked at the level421
of the individual (i.e., maximum taxonomic resolution), meaning it can capture phylogenetic events that422
perfect tracking would have to lump together due to memory constraints.423

4.3.1 Overall take-away424

Perfect tracking and hereditary stratigraphy are complimentary techniques that occupy different method-425
ological niches. In many simple cases, perfect tracking requires fewer resources and provides more accurate426
data. However, hereditary stratigraphy can operate in computational environments that perfect tracking427
cannot. It also enables new trade-offs to be made between data resolution, memory use, and data accuracy.428
Lastly, while perfect tracking is often more memory efficient, hereditary stratigraphy can be configured429
to provide strong O(1) guarantees about memory use.430

5 Conclusion431

We have documented the algorithmic backing of both direct phylogenetic tracking and the emerging432
“hereditary stratigraphy” methodology for distributed lineage tracking of replicating digital artifacts.433
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With respect to hereditary stratigraphy, we have here focused on the postprocessing algorithms used434
to compare and interpret hereditary stratigraphic annotations. In particular, we present a trie-based tree435
reconstruction algorithm that proceeds from the underlying structure of the hereditary stratigraphy anno-436
tation. As a point of comparison, we provide an algorithmic formalization of the established perfect-tracking437
algorithms currently standard in agent-based evolutionary modeling. We find that both perfect tracking438
and hereditary stratigraphy have circumstances in which they excel.439

Ultimately, our interest in extraction of phylogenetic history is application-driven. To these ends, reference440
implementations of most algorithms described are provided in the public-facing hstrat and phylotrackpy441
Python libraries (Dolson et al., 2024; Moreno et al., 2022b). These libraries enable application of perfect442
phylogenetic tracking and hereditary stratigraphy techniques in a few lines of code.443
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S1 Appendix540

S1.1 Additional notes on the memory requirements of perfect tracking541

Note that perfect phylogeny tracking algorithms are designed to plug into a larger computational process.542
For phylogeny tracking to be relevant, this computational process must have a collection of N objects that543
are currently eligilble to be copied (in evolutionary terms, the population). Therefore, the space complexity544
of this process must be at least O(N). As long as the expected size of T scales no faster than O(N), then,545
phylogeny tracking will not be the primary factor determining memory usage. While the memory cost of546
phylogeny tracking could still be significant in these cases, it is unlikely to be the primary factor determining547
whether running the program is tractable.548

Previously, we noted that cases where perfect tracking with pruning achieves its worst case size order549
of growth are esoteric. There are two ways that theses situations can occur:550
• N is continuously increasing.551
• There is effectively no coalescence.552
In case 1, the space complexity of the external computational process will also be growing at least as553

fast as O(N). Because N itself is growing, this behavior should overwhelm the size of the history in T554
in most cases. Even in the (completely unrealistic) case where N is allowed to reach infinity, there is an555
argument to be made that the internal nodes of T would not be substantially contributing to memory556
complexity. While this argument is beyond the scope of this paper, it would center around the fact that557
most evolutionarily-realistic coalescence proceses “come down from infinity” (Berestycki, 2009).558

Case 2 is a legitimate circumstance where worst case memory complexity could occur. It would occur in559
cases where every member of the population has (approximately) one offspring. While this level of regularity560
is unlikely in the context of evolution, it could happen when tracking non-evolutionry digital artifacts.561
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